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ues of all statistical tests and process flow rates, is proposed and illus- 
trated. 
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Introduction 

The computation of the steady state material and energy bal- 
ances from measurements of the flows and concentrations of 
streams in a process is an essential step in the monitoring of pro- 
cess performance. Unfortunately, the plant measurements are 
corrupted by fluctuations in the process, by instrument or ana- 
lytical errors, by unknown leaks, and by departures from steady 
state. The errors may be random or biased, so the latter must be 
identified and corrected, or the measurements discarded, before 
any reconciliation of the data based on random variation may be 
done. 

Reconciliation of process measurements consists in adjusting 
those data, in some sense minimally, so that the adjusted values 
obey the conservation laws and any other constraints imposed on 
the process. Examples of such constraints are the nonnegativity 
of concentrations and the sum of all component flows being 
equal to the total flow in a stream. 

If one or more gross errors is present in the measurements, the 
adjustments made to all of the measurements will be strongly 
affected and the statistical assumption of purely random error is 
not valid. Thus one wishes to detect the presence of gross errors 
and to identify the offending measurements. Various statistical 
tests have been proposed to detect gross errors, namely the 
global chi-square test and the species imbalance test (Reilly and 
Carpani, 1963), and the measurement test (Mah and Tamhane, 

1982; Crowe et al., 1983). Several algorithms for detecting gross 
errors have recently been published by Rosenberg et al. (1987), 
Iordache et al. (1985), and Serth and Heenan (1986). These 
authors have tested and compared algorithms using simulated 
measurements with random error, to which selected gross errors 
were added. Romagnoli and Stephanopoulos (1 98 1) suggested 
reconciling the data by starting with only one balance and pro- 
gressively adding balances until the statistical tests were vio- 
lated. It is not clear whether the sequence in which the balances 
are added would alter the detectibility of gross errors. 

The effect of deleting a set of measurements has been evalu- 
ated by repeating the reconciliation after deletion and assessing 
the changes in the various statistical tests. An efficient method 
of obtaining these subsequent reconciliations from the original 
one has been described by Ripps (1965). In this method, the 
well-known formula for the inverse of a bordered matrix (Lapi- 
dus, 1962) is used to calculate the inverse of a matrix, obtained 
by removing a set of bordering rows and columns from a larger 
matrix whose inverse is already known. 

It is the purpose of this paper to present a method of predict- 
ing the effect of deleting any given set of measurements on the 
statistical tests without carrying out the full reconciliations. The 
aim is to find one or more sets of deleted measurements that 
satisfy all of the statistical tests. The derivation presented also 
leads directly to the calculation of the measurement statistics 
and of the reconciliation itself. 
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Linear Reconciliation Problem 
The theory will be restricted here to the linear problem, that 

is, where the measurements consist of species and total flow 
rates. For simplicity of notation, we will assume that the bal- 

where the Q columns of B" correspond to the deleted values. We 
assume that the rank of B" is Q (en). Since these deleted values 
are effectively unmeasured, following Crowe et al. (1983), we 
define matrix RT, ( m  - Q) x m, by 

- .  

ances contain only measured flow rates. This is not a limitation 
since Crowe et al. (1983) showed how the unmeasured flow 
rates could be eliminated from the balance equations. The 
reconciliation problem can then be defined as with R of rank (m - Q). It is shown below that if the columns of 

B" were linearly dependent, deletion only of measurements cor- 

Min J = aTZ-'a  
# 

subject to 

Here, 2 is an n-vector of measurements, a is the corresponding 
vector of adjustments, and B is an m x n matrix, of rank m, con- 
taining the incidence matrix for the balances on species, 
together possibly with rows for additional equality constraints. 
It is assumed that the measurements have a known or estimated 
positive definite n x n variance matrix Z. The solution, following 
Crowe et al. (1983), can be written as 

a = - 2 B T H - ' e  

with imbalance error vector 

e = B3 

and positive definite matrix 

H = BZBT 

responding to a maximal set of independent columns from B" 
would give the same value of the objective function as the dele- 
tion of all of them. Then the solution to the case with deletion is 
obtained from Eqs. (1-4)  by replacing B by RTB and thus e and 
H in Eqs. 3 and 4 by 

f?d = RTe (8) 

and 

respectively. Then the change in the objective function J is 

A J  = e:Ha'ed - eTH-'e 

= -eTMe 

with 

M = [H-'  - RH;'RT] (11) 
(3) 

We wish to find an expression for M in terms of quantities 

(4) already available. First, we note from Eqs. 7 and 9 that 

From the formula for the variance of a linear combination of 
jointly distributed random variables (Scheffe, 1959, p. 8), if the 
expectation of e is zero and the variance of the measurements is 
2, then the variance of e is H .  One can verify by substitution of 
Eq. 2 that the value of the objective function a t  the solution is 

and 

J = eTH-'e  ( 5 )  

Furthermore, from Scheffe (p. 418, problem V.2), it has a chi- 
square distribution. This is then the basis for the global chi- 
square test and also for the premise that if all measurements in 
gross error have been correctly deleted, the objective function 
after deletion will be below the threshold for the chi square with 
the appropriate confidence level and number of degrees of free- 
dom. It does not follow, if the chi-square test is satisfied, that 
there are no gross errors since one gross error may exist among a 
large set of random measurements. We thus prefer to use fur- 
ther specific tests to diagnose the measurements and the species 
imbalances individually. 

Deletion of a Set of Measurements 
Suppose that we wish to assess the effect of deleting a particu- 

lar set of Q measurements on the objective function. We partition 
matrix B as 

B = [B'IB''] ( 6 )  

From Eq. 12, the null space of M has dimension at least 
(m - Q), the rank of HR. Hence, the rank of M is a t  most Q. 
From Eq. 13, H M  has the columns of B" as independent eigen- 
vectors with as many eigenvalues equal to unity as 8, the rank of 
B". Thus the rank of H M ,  and hence that of M ,  is exactly Q. It is 
readily verified, as shown in the Appendix, that Eqs. 12 and 13 
are uniquely satisfied by 

where the matrix C, is defined by 

The reduction in the objective function can then be written from 
Eqs. 10 and 14 as 

(16) A J  = -(eTH"B")C;'(B"'H-'e) 

Now if we were to add to B an additional measurement to be 
deleted whose column b in B is dependent on those of B, the 
matrix R would not change since it would already satisfy 
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RTb = 0. Thus, from Eqs. 8 and 9, neither ed nor Hd would 
change, so that the addition of a dependent column to B" leaves 
M ,  and hence the change in objective function, unaltered. 

In particular, when a single measurement is deleted, Eq. 16 
simplifies to 

sponding to column b of B', can be formed readily from a previ- 
ous R ,  prior to that deletion ( I  for no deletion at  all) from 

where 
6J = - ( b T H - ' e ) 2 / ( b T H - ' b )  (17) 

where b is the single column of B corresponding to the deleted 
measurement. 

Aside from vector-matrix multiplications, the only computa- 
tional effort needed is the inversion of C,. This can be done 
recursively from the inverse of Gp-, with the formula for the 
inverse of a bordered matrix (Lapidus, 1962). However, since 
the number of measurements to be deleted a t  one time will not 
likely be large, the savings in computer time and programming 
effort will be small. 

Equation 16 then allows one to predict the reduction in the 
objective function as a result of each of a sequence of trial dele- 
tions, singly, two a t  a time, and so on. Any set of values whose 
deletion does not reduce the objective function enough to satisfy 
the chi-square test cannot contain all of the gross errors. Among 
the sets of 11 deletions, those that do satisfy the chi-square test 
are examined further to establish whether each such set also 
satisfies all of the measurement and imbalance tests. 

As a final check, for each set that so far satisfies all criteria, 
all flows including the unmeasured ones are computed. The 
results are checked for reasonableness, especially to weed out 
cases that give negative flows. Any set which, when deleted, 
leads to negative flows indicates that there is a serious flaw in 
the remaining measurements and that it is unlikely that all of 
the correct gross errors have been deleted, given reasonable vari- 
ances. Negative flows could arise if the variances assigned to 
those flows, especially small ones, are too large. If no sets of the 
size II can be found which satisfy all statistical tests and which do 
not lead to negative flows, then more measurements should be 
deleted if possible. 

imbalance Test 
Since the variance of the imbalance vector e is H ,  the variance 

of any linear combination wTe is wTHw. Thus a general imbal- 
ance test for such a linear combination is given by 

z,(w) = wTe/ (wTHw)1 /2  (18) 

If it is assumed that e is normally distributed with expected 
value of zero, then z,(w) has zero mean and unit variance. 
Usually, w would be a unit vector but this is not necessary. 

After the deletion of II measurements, the imbalance statistic 
can be written for any linear combination v as 

Z,,(V) = VTed/(VTHdV)"2 
= vTR Te/ ( v  TR THRv)' /2  (19) 

This is very similar to Eq. 18 except that w is replaced by Rv 
with v typically a unit vector. Thus the application of the imbal- 
ance test to the deleted case is straightforward, without having 
to perform the reconciliation, although the matrix R would be 
required. 

Matrix R, for the additional deletion of a measurement corre- 

with y Z 0. If the first element of c is zero, the columns of the 
term in square brackets in Eq. 20 would be permuted so that c, is 
placed in the position occupied by an arbitrary choice of y f 0 
in c. 

Measurement Test 
In a similar manner, and under the assumption that the 

imbalance is normally distributed with mean zero and variance 
H ,  the adjustment vector a was shown by Mah and Tamhane 
(1982) and by Crowe et al. (1983) to have mean zero and a sin- 
gular variance matrix 

so that elements of a could be tested against the unit normal 
variate by 

zaJ = uTa/(ufQuj)'/2 

where uj is thej th  unit vector, that is, thej th  column of the iden- 
tity matrix. 

Mah and Tamhane (1982) showed that a test of maximum 
power (MP) for the measurements before any deletions, could 
bedefinedby 

from Eqs. 2 and 22 and with b, = Buj, the particular column of 
B. Tamhane (1982) proved that if a single measurement were in 
gross error, its M P  statistic would exceed or equal in expected 
absolute value the M P  statistic of any other measurement. They 
further showed that the M P  statistic for the measurement in 
gross error would exceed or equal in absolute expected value any 
other unit normal measurement statistic with an arbitrary 
square nonsingular matrix replacing Z-'. It should be noted that 
Almasy and Sztano (1975) defined this same statistic and 
observed its property of maximality for the value having gross 
error. After deletion, the equivalent statistic for a remaining 
undeleted measurement would be 

The change in the numerator between Eqs. 24 and 25 is 

A(num) = b f [ H - '  - R H i 1 R T ] e  

= bTMe (26) 

The change in the square of the denominator is similarly 

A(denom2) = - bTMbj (27) 
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Thus the measurement test for any of the undeleted values can 
be calculated quickly using Eq. 14 for M .  Note that the statistic, 
Eq. 25, would be undefined for any of the deleted values because 
of Eqs. 6 and 7. 

We note that the prediction of the change in any measure- 
ment test does not require the calculation of the matrix R ,  
whereas the prediction of the imbalance test does. Some savings 
in computational effort can then be achieved by only calculating 
the imbalance test if all other tests have been satisfied for a par- 
ticular set of deleted values. 

Simple Calculations of A J from z:,, for an 
Additional Deletion 

We now can see that given a reconciliation with a particular 
set of measurements, the reduction in the objective function 
caused by the deletion of any one measurement is precisely 
equal to the square of the corresponding maximum power mea- 
surement statistic prior to its deletion. Thus, for any measure- 
ment in a given reconciliation, comparing the MP measurement 
statistics from Eq. 24 with the change in the objective function 
resulting from the deletion of that measurement from Eq. 17, 
with b = bj,  we find that 

denominator of the measurement statistic for the further dele- 
tion of b,, we note that the form of the equations is preserved but 
with the replacement of e by ed, Eq. 8, and of H by Hd, Eq. 9. 
The inverse of H ,  in the equations for the measurement statistics 
and the adjustments, is replaced by 

N = R H ; I R ~  (32) 

as seen in Eq. 25 compared to Eq. 24. Then the derivation to 
obtain Eq. 14 for M can be followed analogously to give, with 
the measurements from B” already deleted, 

M ,  = Nb,b,TN/(b,TNb,) (33) 

for the additional deletion of the value corresponding to b,. 

26. 
The change in the numerator of z,*,, is then, by analogy to Eq. 

which, with Eq. 33, becomes 

6 J = - (zz j ) ’  (28) 
Similarly, from Eqs. 27 and 33, 

Then given the reconciliation, we know from the measurement 
statistics which single deletions (if any) will lead to a sufficiently 
large reduction in the objective function to bring it below the 
tabulated chi-square value. 

It follows that after predicting the effect of any particular set 
of deleted measurements on the measurement statistics of the 
remaining ones, the additional reduction in the objective func- 
tion by one more deletion is similarly the square of the corre- 
sponding measurement statistic prior to its deletion. 

An alternative equation for the change in the objective func- 
tion upon deletion of a given set of measurements corresponding 
to B“ can be obtained from Eqs. 16 and 24 as 

A J = -zfiTr-lz” (29) 

where 

the vector of measurement statistics corresponding to columns 
of B”, before deletion, for those values to be deleted and r is the 
matrix whose elements are 

with bj,  6, as columns of B” for i, j = 1 ,2 ,  . . . , !?. 

Calcuation of an Additional Deletion from a 
Previously Deleted Set 

Let us assume that the objective function and the measure- 
ment statistics have been calculated for the deletion of !? mea- 
surements corresponding to the columns of B”. We wish to 
obtain a simple formula for calculating the measurement statis- 
tic of each remaining measurement, after the further deletion of 
the value corresponding to column b, of B’. 

To express the change in the numerator and the square of the 

G(denom:) = - (b,%%,)z//(b,TA%,) (36) 

Then, from Eqs. 25 and 32, 

z,*,, = -(bTNe)/(b;Nb,)“’ (37) 

prior to deletion of b,, so that the new value of the statistic is 

zo*nn,, = (z,*,, - rn,,qz:d,q)/(l - ri,,q)1’2 (38) 

with 

r,,,, = (bTNb,)/ [b;Nbj)(b,TNb,)]‘/’ (39) 

with M and H - ’  already calculated, the matrix N also available 
from Eqs. 1 1  and 32 as 

so that the new measurement statistics can easily be obtained. 
We also note from Eqs. 2 and 11 that the change in the adjust- 
ment of the j t h  remaining measurement after deleting the mea- 
surements from the columns of B” is 

Aa, = uTZBTMe (41) 

so that the additional change in aj caused by the further deletion 
of the value represented by column b, is 

6aj = uTZBTMne (42) 
= uf ZB TNbq(bFNe) / (b~Nbq)  
= - u ~ Z B T N b , z ~ d , , / ( b ~ N b , ) ” Z  (43) 

We have already seen in Eq. 28 that the change in the objec- 
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tive function due to an additional single deletion is the square of 
the corresponding measurement statistic prior to that deletion. 
Thus, the additional change in the objective function caused by 
the further deletion of the measurement with column 6, is 

from Eq. 37 

Dependence among Columns of B and Equality 
of Measurement Statistics 

After the deletion of measurements corresponding to columns 
of B", a measurement statistic for an undeleted value has 
exactly zero numerator and denominator, and is thus indetermi- 
nate, if and only if the corresponding column of B' is linearly 
dependent on the columns of B". Thus, from Eq. 25 and since 
the matrix Hd is positive definite, the denominator is zero if and 
only if 

RTb, = 0 (45) 

This means that the column bj of B is a linear combination of the 
columns of B", from Eq. 7 for the definition of R. Clearly, the 
numerator of Eq. 25 is zero for random values of e (i.e., with 
probability one) if and only if the denominator is zero. 

As Iordache et al. (1985) showed in their theorem 3, the MP 
statistics of two remaining undeleted measurements are equal in 
absolute value if and only if the corresponding columns of RTB' 
are proportional to each other, that is 

RT(bi - Pb,) = 0 for p # 0 (46) 

Almasy and Sztano (1975) previously also observed the suffi- 
ciency of Eq. 46 for the equality of two MP statistics. This 
implies that for some vector w # 0, again from Eq. 7 for the 
definition of R, 

(bi - Pbj) = B"w (47) 

Such a case of equality implies that the additional deletion of 
either value will cause the same reduction in the objective func- 
tion and the same values of the other measurement statistics 
since bi would be dependent on the columns of B" augmented by 
bj, and vice versa. Furthermore, the undeleted value will have an 
indeterminate measurement statistic. 

Then if one such value is a member of a suspect set, so should 
the other one be, and no discrimination between them is possible 
unless one or both lead to unacceptable values of the reconciled 
or unmeasured flows. The implication of this is that one needs to 
assess the effect of deleting only one of a set of measurements 
with equal values of their statistics and thus that B" should 
always have full column rank. 

Algorithm for Gross Error Detection 
There are two elements of a strategy for an algorithm for the 

identification of gross errors. The first is to predict the reduction 

in the objective function and to find the minimum number of 
deletions required in order that there be at  least one set which 
reduces values of J to less than the chosen criterion level of the 
chi-square test. Then any such set of deleted values is rejected if 
any undeleted value has a measurement statistic that is greater 
than a chosen level of the unit normal variate. Each set that still 
remains is then subjected to the imbalance test and rejected if it 
fails. Finally, for each remaining set the flow rates are estimated 
and assesses for consistency with any other criteria, such as non- 
negativity. 

The second element of the strategy uses the values of the mea- 
surement statistics to flag absolute equality and thus to reduce 
the number of combinations of deletions that need to be exam- 
ined, as well as to avoid dealing with singular matrices. After the 
deletion of any specific set of measurements, the measurement 
statistics of the remaining values again predict the effect of one 
further deletion. 

There are alternatives for calculating the effect of a trial dele- 
tion of a set of Q measurements. The first uses the base case itself 
to find the objective function from Eq. 16 and the measurement 
statistics from Eqs. 24, 26, and 27. This would require the stor- 
age of the common matrix-vector products involving B, H - ' ,  
and e but would not need the storage of the measurement statis- 
tics for all deletions of (P - 1)  values. 

The second alternative would economize on the computa- 
tional effort by using the previously stored values of the mea- 
surement statistics for each of the sets of (Q - l )  deletions. The 
objective function and the statistics for the additional deletion of 
each remaining measurement would be obtained from Eqs. 44 
and 38, respectively. The amount of storage needed for a large 
process with many levels of deletion could become difficult to 
manage. 

Before conducting a series of trial deletions, one may ask 
whether there is a preferred order in which to do this. Whereas 
the final results would be independent of the order in which the 
trials were done, there are differences in the number of trials 
needed. Specifically, there are two general approaches, breadth- 
first and depth-first. In addition, one can examine the more 
likely sources of gross error before the less likely by listing the 
species flow rates in descending order of absolute value of their 
MP measurement statistics. 

In the breadth-first approach, the trial deletions are carried 
out a t  each level before moving to the next one. Thus, all single 
deletions are evaluated before calculating those for deletion of 
sets of two, and so on. This approach has the advantage of need- 
ing only to delete down to the level of the minimum number of 
deletions required to give a satisfactory reconciliation. However, 
if the above alternative is used, the results a t  each level must be 
stored for use at  the next level. In all cases, the sets to be deleted 
are chosen so that no case is treated twice. 

In the depth-first approach, each species is taken in turn and 
the sequence of deletions involving it singly, in pairs, and so on is 
evaluated before the next species is examined. This tree of dele- 
tions for a species is ended when a set is found whose deletion 
gives a satisfactory reconciliation among the remaining mea- 
surements or when the maximum number of deletions has been 
made. In this approach, we must examine more cases than in the 
breadth-first approach but less storage is needed and the results 
can immediately be used to calculate the next level with one 
additional deletion. In the aigorithm that follows, we have 
chosen to use the breadth-first approach. 
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N2 ,H 2, Ar 

Figure 1. Ammonia synthesis loop flow sheet. 

The algorithm is set out as follows: 

1. (a) Enter input data: B, 8, and f. 
(b) Compute H a n d  its inverse. 
(c)  Compute a and e from Eqs. 2, 3, and P = 5 + a, the 

reconciled flows. 
(d) Compute the objective function J from Eq. 5 and the 

MP measurement statistics from Eq. 24. 
(e) IF J < x 2  for m D F  (degrees of freedom) at  chosen 

confidence level AND all measurement and imbalance statistics 
(Eqs. 18 and 24) are less than the criterion level of the unit nor- 
mal variate, AND no flows are unacceptable, T H E N  there are 
apparently no gross errors present. Go to 10. 

2. (a)Set  Q,,, ( s m  - I ) ,  the maximum number of dele- 
tions. 

AIgorithm A 

(b) Set 11 = 0. 
3. (a) Order the measured species flow rates such that their 

absolute measurement statistics are monotonic decreasing. 
(This will place flows that are more likely to be in gross error 
near the head of the list.) 

4. (a) Set p = number of the initial measurement statistics 
that differ in absolute value by more than a small relative toler- 
ance, say l.E-10 in double precision computations. Flag those 
subsets whose absolute values differ by less than the tolerance 
and use only one of them for deletion trials. 

5. Q = Q +  1 
6. DO, fork  = 1 top :  

(a) Select the kth distinct set, S,, of Q measurements, tak- 
ing account of the flagged subsets. 

(b) Compute the change AJ in objective function if Sk 
were deleted, from Eq. 44 for a particular species j and from the 

previous change with the deletion of all species in S k  except spe- 
cies j .  

(c)  Compute the measurement test values for all remain- 
ing unflagged measurements and for allowable representatives 
of flagged variables, from Eq. 38. 

(d) I F  ( J  + A J )  < tabulated x & - ~ )  AND 
IF all measurement tests are passed THEN 

Compute imbalance test values 
IF all imbalance tests are passed THEN 

END IF 
Mark Sk as suspect 

END IF 
(e)  For each subset of undeleted measurements with abso- 

lute values of the MP statistic within the tolerance, flag the 
union of that subset and the deleted variables in s k ,  if it is not 
already flagged. From this Ragged subset, no choice of (n + 2) 
values should be deleted and only one choice of (Q + 1 )  values 
needs to be deleted together. 

END DO 
7 .  For each S ,  marked as suspect, compute the reconciled 

flow rates from the changes in adjustments, using Eq. 41 or 43 
with that set deleted. Verify whether any adjusted measure- 
ments are unacceptable. If so, remove the mark on Sk since this 
set does not lead to an acceptable reconciliation. 

8. IF no sets Sk are still marked, AND Q < QmU, 

Set p = number of distinct subsets of (Q + 1 )  variables, 
taking into account all flagged subsets. Go to 5. 

END IF 
9. For each marked set Sk in which there is a measurement 

whose statistic was flagged as differing in absolute value from 
that of another measurement by less than the tolerance, gener- 
ate additional sets by replacing each flagged variable by such a 
previously disallowed choice. For each such set, compute the 
unmeasured flows and discard any set producing unacceptable 
values since it does not give an acceptable reconciliation. 

10. Output results and stop. 

It is important to note that we cannot rely upon identifying 
suspect gross errors one at  a time if there are two or more gross 
errors. It is shown in the example below that such serial deletion 
would fail to find the correct set of gross errors. There is no guar- 
antee that there will be only one suspect set of measurements so 
that if more than one set is identified, further measurement data 
may need to be examined to establish whether such sets continue 
to be suspect. It is doubtful that any algorithm could be devised 
which made no errors of misidentification, either type I or 11. In 

Table 1. Data for Ammonia Synthesis Loop Example 

Base Case: +20% gross error in NH$”, + 10% in Nil) 
Nil’ H p  Ar(’) N I” Ar”’ N;” NHY) H$5) 

B 

“True” 

2 
2 

X 

Zf 

0 0 0 I 0 -1  -0.5 

0 1 0 0 0 0 - 1.5 
1 0 0 -1  0 0.98 0 

0 0 1 0 -0.02 0 0 

33.0 99.0 0.4 105.1 20.08 73.57 63.06 
36.69 101.54 0.4 104.76 20.87 76.10 76.04 
36.92 110.57 0.42 109.18 21 .oo 73.74 70.89 

-3.73 
~ 

- 2.08 - 4.15 0.94 2.20 - 0.94 - 2.04 
(z, = 2.63 for s’ = 6, = 2.49 for s’ = 4) 

J = 29.30 (cf. chi-square = 9.49 with 4 DF at 95% confidence) 

0 
0 

-0.02 
0 

220.7 
212.86 
211.15 
-4.15 - 
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Table 2. Values of Objective Function J with Trial Deletion 

Measurements Degrees of Change 
Deleted Freedom, DF in J J X 2  0.05 

None 4 - 29.30 9.49 
H$l) 3 17.23 12.07 7.81 
NHI” 13.90 15.40 
N p  4.82 24.48 
Ni” 4.34 24.96 
N!” 4.18 25.12 

Hi’), NHr)  2 22.29 7.01 5.99 
23.88 5.42# 
18.70 10.52 

HiI), “3) 24.46 4.84# 
NHS”, Ni2) 18.14 11.16 
NH(4), 3 2  “1) 25.67 3.63# 
NHy), Ni3’ 17.19 12.11 
N$’), NY) 8.10 21.20 
Ni2), Nf) 8.10 21.20 
Nil), Ni3) 8.fO 21.20 

HY), “2) 

Hi’), “1) 

#Objective function c chi-square criterion. 

the end, the measuring procedures and instruments will have to 
be reexamined in order to determine which set of measurements 
is responsible for the gross errors. 

Application to an Example: 
Ammonia Synthesis Loop 

As an example of the application of the algorithm, let us con- 
sider the ammonia synthesis loop used by Crowe et al. (1983). 
The flow sheet is shown in Figure 1. The “measurement” data 
were generated from values that obey the balances by the addi- 

tion of normally distributed random noise with the same vari- 
ance structure as in Crowe et al. Then gross errors were added to 
selected values. The “true” and the perturbed data used are 
given in Table 1 for a particular pair of gross errors, as well as 
the reconciled flow rates and the measurement statistics. 
Clearly the value of the objective function J exceeds the chi- 
square for 4 DF at  95% confidence. We see as expected from the 
proportionality of the respective columns in matrix B that the 
deletion of either hydrogen value will lead to the same results, as 
will the deletion of either argon value. 

Selected results of the algorithm applied to this example are 
given in Tables 2 and 5. It is seen in Table 2 that no single dele- 
tion reduces the objective function enough but that three dif- 
ferent deleted pairs do lead to a sufficient reduction and are thus 
marked as suspect. It is also notable that the same reduction in 
the objective function results from the deletion of any pair of the 
three nitrogen flows. This is directly linked to fact that the dele- 
tion of any one nitrogen flow leads to equality of the other two 
nitrogen MP statistics, as seen in Table 3. 

In testing the measurement statistics, a t  an overall confidence 
level of 95%, we use the formula of Mah and Tamhane ( 1  982) to 
relate the confidence level of an individual statistic to the overall 
level, namely 

Here, a is the probability of wrongly rejecting the null hypothe- 
sis that there is no gross error, and is set to 0.05, while a* is the 
corresponding probability level for each statistic. The integer s’ 
(I n), according to Iordache et al. ( 1  985), respresents the num- 
ber of measurement statistics with distinct absolute values. They 

Table 3. Measurement Statistics for Trial Deletions 

Delete N$” 

Delete HI’) 

Delete Ni” 

Delete Ni3) 

Delete NHj4) 

** 3.80 0.63 1.94 ** -1.94 -4.62 - - ZP - 
** zzd 1.25 - 1.40 2.58 ** - 2.69 -2.25 - 
** ZP -1.81 4.37 0.17 - ** 1.81 -3.65 

zzd -1.98 4.5 1 0.24 1.98 - -3.61 

- 
** ** - 
** -3.43 2.90 1.86 2.06 ** -1.82 __ - f 

Deletion of Sets of Two: Set {Nil), Nf), Nr’} flagged 

Value Ni” Hi” Ar‘” N$2) Art2) N$’) N H ~  Hi*) 

Delete Nil), NHy) (Suspect I) 
- -1.57 1.58 1.57 1.58 -1.57 - 1.57 
- 0.54 1.39 0.93 -0.73 - 1.57 - 1.57 

- 1.91 -0.52 - -1.91 - 1.91 - 0.52 
2.19 - 1.52 -0.79 -0.59 - 

2.05 
2.32 

z:d 

zed 

zed 

z‘d - 
z: 

Delete HP), Ni” (Suspect 11) 

- - 1.91 
:d 

Delete HI’), N$” (Suspect 111) 
- 0.53 - -0.53 - 2.05 -2.05 - 
- 1.57 - -0.53 -2.05 -2.05 - 

:d 

Delete HY), NHy’ (Not suspect) 
- - -2.41 

-2.41 
- 2.41 -1.91 

z‘d 0.16 - 1.55 1.69 -0.57 - - - -2.41 - 1.91 
- 

--Indeterminate because deleted. 
**Not necessary to calculate since previously flagged. 
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Table 4. Imbalance Statistics for Suspect Deleted Pairs (2, = 2.235) 

RTB 
N p  Ar”) “3) N H ~ )  H(5) 

N(l) H p  Ar“’ 

Suspect I: {Ny), NHy’} 
0 - 1  0 3 0 -3 0 0.02 - 1.06 
0 0 1 0 - 0.02 0 0 0 - 1.08 

Suspect 11: {Hf), Ni3)} or {Hy), Ni3)1 
1 0 0 -0.02 0 0 -0.49 0 -2.13 
0 0 1 0 -0.02 0 0 0 -1.08 

-2.26 1 0 0 0 0 -0.02 -0.5 0 
0 0 1 0 -0.02 0 0 0 - 1.08 

Suspect 111: {Hi’), N$*’) or {Hy), N$*’] 
- 

also pointed out that the rank of the variance of z:, which is 
equal to the number of degrees of freedom, has not been shown 
to provide a less conservative value for s‘. The criteria z, for a 
unit normal variance are then 

s’ 1 2 3 4 5 6 
LY* 0.05 0.025 0.017 0.013 0.010 0.0085 
z ,  1.96 2.235 2.39 2.49 2.57 2.63 

at  the overall 95% confidence level. Then a measurement statis- 
tic is too large to be random if it exceeds z ,  in absolute value. 

It can be seen in Tables 1 and 3 that if the M P  measurement 
statistic exceeds z, for s’ equal to the degrees of freedom, it also 
exceeds z ,  for the number of distinct absolute MP statistics. For 
deletion of two measurements, s’ = 2 in any event. In Table 3, of 

Table 5. Reconciled and Estimated Flow Rates 

Stream N2 H2 Ar NH, 

1 
2 
3 

Suspect I: {Nf), NHj4’) 
34.08 102.04 0.41 

106.89 310.75 20.57 
74.30 212.96 20.57 

1.49 4.26 0.41 
72.81 208.70 20.15 

Suspect IIa: {Hy), NS3)} 
38.16 114.72 0.41 

103.95 323.33 20.62 
67.13 21 2.86 20.62 

0 
0 

65.19 
0 
0 

0 
0 

73.64 

the three suspect pairs, none has an M P  measurement statistic 
that is larger than z,, although the value of Z,d for N$” does 
exceed z,. If the imbalance statistics are examined in Table 4, 
we might discard {Hi’), N$*)} for having 5~ slightly too large 
imbalance statistic. 

If the three suspect pairs are ranked in ascending order of 
their values of J ,  one sees that their maximum absolute values of 
both the measurement and imbalance statistics are also in 
ascending order. The prime suspect would then be {NF), NH!“)} 
in having the lowest statistics. This is in fact the correct choice 
since gross errors of + 10 and + 20% were applied respectively to 
these values. 

The reconciliations of the three suspect pairs lead to no incon- 
sistent results. However, one sees in Table 5 that the two addi- 
tional suspects, with HF) replaced by Hi’), do give negative val- 
ues for the unmeasured hydrogen flows. One further observation 
is that the MP measurement statistics uniformly exceed the cor- 
responding statistic, Eq. 23, for the prime suspect but not for the 
other pairs. Whether this occurs more generally in other pro- 
cesses remains to be established. 

Finally, we note that we would have been misled in identify- 
ing the correct gross errors if we had accepted HY), the value 
causing the greatest reduction in J among all single deletions, as 
being one of the measurements in gross error. The wrong suspect 
pairs would then have been found if Hi’) were always included. 

Conclusions 
Formulas have been developed to predict the effect of deleting 6 1.34 4.26 0.41 0 

7 65.78 208.60 20.21 0 
any set of measurements on the objective function and on the 
measurement test statistics. These formulas can be used without Suspect I I b  {Hi’), NI))} 

having to compute the reconciliation for each case of deletion. In 1 38.16 103.83 0.41 0 
2 103.95 -221.33 20.62 0 
3 67.13 -331.84 20.62 73.64 particular, equations are presented with which one can calculate 
6 1.34 -6.64 0.41 0 the effect on the objective function, the measurement statistics, 
7 65.78 - 325.16 20.21 0 and the adjustments of the additional deletion of a further mea- 

Suspect Illa: {Hi’), N$”/ 
1 38.24 114.43 0.41 0 
2 112.70 323.03 20.65 0 
3 75.97 212.86 20.65 73.45 
6 1.52 4.26 0.41 0 
7 74.45 208.60 20.24 0 

Suspect IIIb: (Hi5), Ni2)) 
1 38.24 103.94 0.41 0 
2 1 12.70 -201.44 20.65 0 
3 75.97 -31 1.61 20.65 73.45 
6 1.52 -6.23 0.41 0 
7 74.45 - 305.38 20.24 0 

surement. 
An algorithm is proposed for identifying sets of suspect mea- 

surements which appear to cause the violation of the statistical 
tests, in that the deletion of such a set removes that violation. 
The algorithm not only applies the new formulas but also limits 
the number of trial deletions required by taking account of equal 
absolute measurement statistics. In the ammonia example, only 
six out of eight single deletions and 13 out of 28 pairs needed to 
be examined. The correct pair of measurements in gross error 
was identified as the most likely suspect. The performance of 
this algorithm needs to be tested and compared to other pub- 
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lished algorithms, using actual or simulated data, in order to  
assess its ability correctly to identify gross errors and to avoid 
errors of type I (wrongly finding a truly random error to be a 
gross error) and type I1 (wrongly finding a truly gross error to be 
random). 
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Notation 
a = vector of adjustments to flow measurements, n x 1 
B = matrix in balance Eq. 1, m x n 

B’ = columns of B not deleted, m x n - Q 
B” = columns of B deleted, m x Q 

6 = single column of B 
e = vector of imbalances, Eq. 3, m x 1 
G = matrix defined in Eq. 15, Q x Q 
H = BZB‘, m x m 
I = identity Matrix 
J = objective function, Eq. 1 

M = matrix defined in Eq. 11, m x m 
N = matrix defined in Eq. 32, m x m 
Q = singular variance matrix of a, Eq. 22, n x n 
R = matrix with columns orthogonal to B”, Eq. 7, m x m - II 
D = arbitrary vector, Eq. 19, m - Q x 1 
w = arbitrary vector, Eq. 18, m x 1 
x = vector of flow measurements, n x 1 
z = unit normal variate, scalar, or vector 

Greek letters 
p = nonzero scalar, Eq. 46 
y = nonzero scalar, Eq. 20 
A = change from deletion of II values corresponding to the columns of 

d = change resulting from additional single deletion 
l’ = matrix defined in Eq. 31, L x Q 
E = variance of P, n x n 

B” 

Subscripts 
a = adjustment statistic 
d = after deletion of measurements corresponding to columns of B” 
e = imbalance statistic 
j = counter for conserved species 
n = after deletion of single additional measurement 
q = additional species flow rate deleted 

Superscripts 
( n )  = stream number n 

T = transpose of a matrix or vector 
* = measured flow rate 
” = reconciled flow rate 
* = maximum power measurement statistic, Eq. 24 

Appendix 

uniquely by Eq. 14. 

by substitution. Thus in Eq. 12 

Lemma. The matrix M that satisfies Eqs. 12 and 13 is given 

Proof. That Eq. 14 for M satisfies Eqs. 12 and 13 is verified 

from Eq. 7. Substitution into Eq. 13 gives 

from Eq. I S .  The uniqueness is established by assuming that 
there is another symmetric matrix L (Z  M )  that also satisfies 
Eqs. 12 and 13. Then from Eq. Al, 

(M - L)HR = 0 (A3) 

and from Eq. A2, 

H(M - L)B” = 0 

From Eqs. A 3  and 7 and the symmetry of M ,  L, and H ,  

H(M - L) = B W  

for some m x m matrix W of rank r 5 It. Then again from sym- 
metry, this leads to 

which in turn gives, in Eq. A4, 

or from Eq. 15, 

HWTGp = 0 

Since Gp and H are nonsingular, 

w = o  

and hence from Eq. AS 

M = L  

in contradiction to the premise. This completes the proof of the 
lemma. 
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